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NONLINEARITY AND THE FORWARD PREMIUM ANOMALY 

 
 
 
 

ABSTRACT 

 

Speculative efficiency (the ability to profit without bearing commensurate risk in foreign 

exchange markets) is predicated on the forward premium anomaly. Market efficiency still 

manifests itself in the form of nonlinear adjustments, eroding excess profits. The returns 

on foreign exchange speculation may not behave in a market-efficient manner except at 

average values of interest-rate differentials. This study suggests that market efficiency 

holds as a result of a hedging relation between linear and nonlinear responses of returns. 
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1 Introduction 

Empirical evidence that contradicts anticipated economic relationships lead researchers to the exploration 

of nonlinear systems. Returns from foreign exchange speculation are one such relationship examined here. 

The forward premium anomaly partly explains excess profits from speculation in foreign exchange 

markets. Corrections abruptly reverse such profits, lending support to the original concept of efficient 

markets. This analysis captures both effects in a single equation, and ultimately lends support to market 

efficiency. A nonlinear term is simply added to the common linear asset return estimation. This is an 

ANN(1) system that points to a relation between linear anomaly and nonlinear efficiency across currencies. 

1.1 The Efficient Market Hypothesis 

The forward premium anomaly refers to the finding that changes in spot exchange rates are inversely 

related to the premium of forward rates over future spot rates. A large number of studies regress the 

percentage change in spot against interest rate differentials and, instead of β=1, find a near-zero or negative 

coefficient. These studies run regressions of the log-return of the spot rate against the interest rate 
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differential and test the hypothesis that the intercept is zero, the slope is one and errors are serially 

uncorrelated, in the model: 

( ) ttt iiss εβα +−⋅+=−+
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The stipulation is that the expected returns on currency speculation based on available information are zero. 

Based on Hansen and Hodrick (1980), the simple efficiency model is stated as follows:1 
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Fama (1984) finds that forward premia are made of time-varying risk premia and future spot expectations. 

Both components vary through time, but most of the variation is in risk premia.2 The forward premium is 

the sum of the risk premium and the expected rate of appreciation, but the two are inversely related, as 

evidenced by the negative coefficient found in the conventional models. Because β1<0, an increase in the 

interest differential (dollar minus foreign currency) leads to an expected dollar appreciation. The variance 

of the risk premium is greater than that of both the expected appreciation and the interest rate differential.  

1.2 Nonlinear Systems 

The above models are linear in their coefficients. Adding a transfer function with a separate coefficient set 

helps detect nonlinear effects. The most common transfer function is the following sigmoid logistic 

function, in which i is the index for inputs xi, wi is a weighting factor and w0 is the neuron bias:3 
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This monotonic, continuous and differentiable function approaches a step function, but allows for varying 

degrees of smoothness of transition across two states or regimes. Frances and van Dijk (2000) delineate a 

                                                           
1 Lars Peter Hansen and Robert J. Hodrick, “Forward Exchange Rates as Optimal Predictors of Future Spot 
Rates: An Econometric Analysis,” Journal of Political Economy, Oct. 1980, 829-853. 
2 Eugene F. Fama, “Forward and Spot Exchange Rates,” Journal of Monetary Economics, 1984, 319-338. 
3 Kevin L. Priddy and Paul E. Keller, Artificial Neural Networks: An Introduction (SPIE-The International 
Society for Optical Engineering, 2005), p. 5. 
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theoretical path from states of the world or regimes to sigmoid functions.4 State-dependent properties of a 

time series may vary across different regimes, and the regime process may be stochastic. In a simple AR(1) 

model with parameters that are allowed to depend on the regime or state, it can be assumed that the regime 

is determined by an observable variable relative to a threshold variable. In a Threshold Autoregressive 

Model (TAR) this observable variable is a lagged value of the time series itself, and the threshold variable c 

helps determine the switching of returns from one state to the other: 

( ) [ ]( ) ( ) [ ]( )crtcrtt tt
rrr >−>− −−
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When the continuous logistic function G(yt-1;γ,c) replaces indicator function I[.] the transition between states 

begins to acquire varying degrees of smoothness. The resulting model becomes a Smooth Threshold 

Autoregressive one (STAR) and c is the threshold around which the function changes from 0 to 1: 
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The transition function of this analysis is the hyperbolic tangent and is based on interest-rate differentials. 

This function is more appropriate than the logistic because it ranges from -1 to 1 and has an expected value 

of zero, similar to expected asset returns. The result is a model in which asset returns Ri,t  may depend on an 

otherwise normally distributed interest-rate differential index It  in a linear, as well as a nonlinear manner. It 

is assumed that ε ~ (0,σ2) and ζ ~ (0,ω2) with variances unspecified. The equation for a single-asset return 

based on any hypothetical market-index return RM(t)  is shown below. This model-equation incorporates a 

hyperbolic tangent function in the estimation of cross-currency returns as the latter respond to the index of 

interest rate differentials. Index values of RM(t) can be lagged and contemporaneous. The returns of seven 

                                                           
4 Philip Hans Franses, and Dick van Dijk, Nonlinear Time Series Models in Empirical Finance (Cambridge 
University Press, 2000), pp. 69-250. 
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currencies based on their interest-rate differentials with the US dollar are jointly estimated through 

seemingly unrelated regressions.  
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In Figure 1 below a hypothetical nonlinear response δ=−7.50 and return sensitivity to nonlinearity φ=0.01 

in conjunction with a linear term produce leptokurtotic returns while the index is normally distributed.  

 

Figure 1 Leptokurtotic Asset Returns as a Result of Nonlinear Response to Index 
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2 Econometric Model 
Maximum likelihood estimation is performed on ten years of monthly interest rates and spot exchange rates 

between 9/1995 and 6/2006 for the Australian dollar, Canadian dollar, Euro, Japanese yen, Swiss franc, 

British pound and the New Zealand Dollar in reference to the US dollar. The linear term of the model 

captures the forward premium anomaly while the nonlinear term accommodates the transition between 

states commonly associated with market efficiency. Conclusions about efficiency are drawn from the fact 

that these effects are linked in a hedging relation at the average values of interest-rate differentials. 

2.1 Expectations and Speculative Returns 
An exchange-rate speculative strategy is defined as borrowing in the USD asset market and investing the 

proceeds in foreign-currency denominated assets of similar risk. For this study, USD and other LIBOR 

interest rates are used. The definition below illustrates an instance of the EUR-USD speculative strategy 

return between t and t+1, which on average should be zero under rational expectations/market efficiency. 
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This speculative returns definition was first introduced by Bilson (1981).5 If markets were efficient then 

expected speculative returns would be zero, leading to the following testable hypothesis: 
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In literature the efficient market hypothesis is tested with interest rate differentials between domestic and 

foreign interest rates, which lead to an expected β-coefficient of  +1 and intercept of 0: 
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5 John F. O. Bilson, “The Speculative Efficiency Hypothesis,” Bell Journal of Economics, 1981, 435-451. 
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But in the definition of speculative returns, interest rate differentials are between the foreign and domestic 

currencies. The expected β-coefficient is -1. In describing speculative returns, iEUR illustrates any non-USD 

interest-rate whose subscript will be suppressed below. The efficient market hypothesis is tested as follows: 
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The estimated equation is obtained after substituting (St+1-St)/St in speculative returns rt+1, and including a 

trend in interest-rate differentials which partly enhances the effect of current interest rates on returns:6 
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Speculators also, but less frequently react to a discounted excess yield Xt = xt/(1+iEUR) above a certain 

level. The spot rate then appreciates based on both linear and nonlinear excess yield effects. The new 

equation includes a hyperbolic-tangent response of the percent change in spot to discounted interest-rate 

differentials. Expanding on the Bilson (2007) approach, efficiency for each currency is tested as follows. 
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6 John F. O. Bilson, “A Factor Model for Currency Speculation,” Stuart Graduate School of Business, 
2007, 14-17. 
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Hypothesis H0
(I) implies that all nonlinear effects are zero. Here, estimates of nonlinear coefficients are not 

zero. Hypothesis H0
(II)  is thus relevant, with original linear efficient market coefficients stated as functions 

of linear/nonlinear coefficients and average interest-rate differentials. The resulting coefficient values of the 

model proposed are very close to those originally anticipated and subsequently rejected in the efficient 

market hypothesis literature. A hedging relationship between linear and nonlinear effects transpires across 

currencies at sample-average values of interest-rate differentials, This linear relationship can be estimated 

from the distinct coefficients of the model in each currency. As is the case with the original linear model, 

efficiency is tested using the definition of speculative returns. The model is derived after substituting the 

above in rt+1 , denoting iEUR-iUSD as xt , and considering the existence of a trend in the variable xt: 
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Current and lagged values of interest rate differentials affect next-period returns in both the linear and 

nonlinear terms of the model.  These dynamic aspects are determined in similar ways across the two terms. 

The exponentially weighted moving average coefficient δ  should be between 0 and 2 for stability:7 
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In a geometric lag like the one above this stability condition must be fulfilled otherwise the model will 

diverge from equilibrium values. It is implicitly assumed that lagged variables/trends/expectations are 

formed uniquely, irrespective of their appearance in the linear or nonlinear part of the returns equation.  

2.2 Testing for Market Efficiency 
This study finds an indication that market efficiency holds at the average point of interest-rate differentials, 

the average excess yield for each currency. For the Euro that point is (currency subscript is omitted later): 
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The estimation of distinct coefficients for each currency illustrates a hedging relation between the linear 

and nonlinear effects of the intercept, current rates, and lagged rates across currencies. This relation allows 

for the restatement of the efficiency hypothesis test coefficients in terms of the new linear/nonlinear ones. 

After the model is estimated, the nonlinear effects of the intercept, current rates and lagged rates are stated 

in terms of the corresponding linear effect across currencies, as is implicit in the efficiency coefficients, 
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Coefficients Related to Risk Premia 

The linear intercept associated with non-interest-rate effects for each currency is b0. In studies by Fama and 

others a large intercept was associated with diversifiable risk premia which were volatile and time-varying. 

In this study the combined non-market effect (hedged risk premium) is close to zero. Threshold b3 imposes 

a transition between two states as captured by the nonlinear term g(xt),  whose intensity depends on b2.  

                                                           
7 Alpha C. Chiang, Fundamental Methods of Mathematical Economics, McGraw-Hill Co. 1984, 549-575. 
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The regression of the nonlinear against the linear premium across currencies leads to the following relation: 
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Substitution of the above relation in the returns model gives the following estimated coefficient results: 
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Linear and nonlinear premia partly hedge each other since a0 is close to 0 and a1 is close to -1, in Table 2. 
 
 

Coefficients of Current Market Effects 

The slope associated with market effects and the forward premium anomaly for each currency is b1. Based 

on the results of this study previous research that found a positive or near-zero slopes may have attempted 

to capture two separate effects, the linear and the nonlinear one, in a single estimation coefficient. The 

nonlinear coefficient associated with transitions across market efficiency for each currency is b4. The 

transition intensity depends on b4 and its effect is amplified by the coefficient of the nonlinear term, b2. 
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The regression of the nonlinear against the linear effects across currencies leads to the following relation: 
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Substitution of the above relation in the returns model gives the following estimated coefficient results: 
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Coefficients of Lagged Market Effects 

The slope associated with lagged interest-rate differentials for each currency is b5. The nonlinear coefficient 

related to transitions from lagged differentials for each currency is b6. The transition intensity depends on 

the lagged interest-rate differentials coefficient b6 and is augmented by the nonlinear-term coefficient b2. 
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The regression of the nonlinear against the linear effects across currencies leads to the following relation: 
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Substitution in the returns model gives the following estimated coefficient results: 
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Each of the three parts of the model depends on the linear intercept, interest rate and trend, respectively. 

The sum of these three parts is the total return, and leads to the efficient-market hypothesis coefficients. 

( ) ( ) ( ) ( )

[ ] ( )EURttttttt

EUR

iuuu

bdbcibadca

+=+++++

+=⎥⎦
⎤

⎢⎣
⎡ ++++=++++

++++ 1       

 111     ;   11

1
5105

1
1

1
0

1

~

511

^

1

~

01000

ευυυ

βα
 

 

12 of 20 
 



3 Estimation 
A distinct set of coefficients for each currency interest-rate differential was estimated. The coefficients for 

each currency are displayed in Table 1 below. The efficient-market-hypothesis coefficients that were based 

on the maximum likelihood coefficients of this model are shown in Table 2. Exhibits 1, 2 and 3 provide the 

basic evidence for the existence of a hedging relation between the linear and nonlinear effects of the model. 

Table 1: Model Coefficient Estimates 

 

Currency: AUD CAD EUR JPY CHF GBP NZD 
δ 0.2528 0.0050 0.0050 0.0050 0.1293 0.0050 0.0469 
b0 -0.0817 0.0925 -0.0273 0.0977 0.0149 0.0021 0.3374 
b1 24.0500 24.0830 24.0883 24.0804 24.0610 24.0794 23.9824 
b2 0.3764 0.4188 0.3793 0.4129 0.3501 0.4084 0.6059 
b3 0.2156 -0.2211 0.0748 -0.2436 -0.0209 -0.0016 -0.6411 
b4 -56.8374 -56.8270 -56.8245 -56.8280 -56.8360 -56.8282 -56.8727 
b5 16.3050 16.2584 16.2503 16.2633 16.2947 16.2632 16.4228 
b6 -38.6724 -38.6905 -38.6929 -38.6895 -38.6782 -38.6883 -38.6380 

Hedging is evident in the fact that currencies simultaneously exhibit a linear behavior in one direction and a 

nonlinear behavior in the opposite direction. Exhibits 1, 2 and 3 below analyze this inverse relationship as 

they relate to risk premia, current market values and lagged market effects, respectively. Starting with 

estimated coefficients b0 and b3, empirical rejection of the efficient market hypothesis had previously led to 

the conclusion that risk premia caused large constant terms. Yet here, coefficients b0 and b3 are inversely 

related and have opposite signs across all currencies: more (less) positive risk premia have more (less) 

negative return threshold values. Higher risk premia are associated with the switching between regimes 

around lower return values. The New Zealand dollar carries the most positive linear intercept (b0=0.3374) 

and the most negative nonlinear threshold (b3 = -0.6411). The British pound has the least value of both. In 

that same low-risk European cluster, the Euro has a negative linear risk premium (b0= -0.0273) and a 

positive threshold value (b3=0.0748) as shown in the top diagram of Exhibit 1, which is based on the 

absolute values of b0 and b3. At average differentials, the combined linear and nonlinear premia for each 

currency add-up to almost zero. The product b2 g(x=0) compensates for intercept b0, as depicted by the 

slope of the fitted line in the bottom diagram of Exhibit 1. If the slope were -1, then the linear premium 

would be completely compensated by the threshold-induced b2 g(x=0). The much smaller excess 

premium/discount ep0 is the difference between the fitted and actual b2 g(x=0) values. 
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Earlier studies on the efficiency hypothesis also found coefficients to excess yields of between 0 and -1 

when a value of +1 was expected, thus leading to the concept of the forward premium anomaly (the 

definition of excess yield is reversed here, therefore the expected efficiency coefficient would be -1).  

Results support the market efficiency hypothesis, or at least do not point to a forward premium anomaly. 

Coefficients b1 and b4 both capture the effect of current interest-rate differentials. Their opposite signs 

across currencies provide further evidence of hedging, this time between current linear and nonlinear 

market effects. Currencies with low linear coefficients b1 have most negative nonlinear coefficients b4. 

Similarly, estimated coefficients b5 and b6 have opposite signs across currencies. In addition, the effect of 

lagged variables is opposite to that of current variables. The New Zealand dollar in particular has a high b0 

risk premium, a low linear market risk b1, and high nonlinear market risk b4. This relatively lower-beta 

asset carries the highest risk of an abrupt adjustment at the lowest threshold value. If this result were 

generalized, then assets that were desirable from a diversification standpoint could experience the largest 

adjustments away from average values. The bottom diagrams of Exhibits 2 and 3 show the inverse 

relationship between the linear and nonlinear sensitivities of speculative returns to interest-rate 

differentials, and to their trends. Similar to Exhibit 1, the lines almost pass through the origin and have 

slopes close to negative one. Thus, linear and nonlinear effects to a large extend balance each other out 

across currencies. Estimates in support of market efficiency largely depend on the hedging relation between 

linearity and nonlinearity in the effects of intercepts, interest rates and trends. Table 2 shows the resulting 

efficient-market-hypothesis coefficients. 

Table 2: Efficient Market Hypothesis Coefficients 

~ ~ Remaining
Currency: α β Trend Effect

AUD -0.0018 -1.1650 0.5251
CAD -0.0044 -1.1674 0.5236
EUR -0.0026 -1.1678 0.5233
JPY -0.0046 -1.1672 0.5237
CHF -0.0033 -1.1656 0.5247
GBP -0.0030 -1.1672 0.5237
NZD -0.0078 -1.1592 0.5289

a 0 = 0.0014 a 1 = -1.0154
c 0 = -0.0046 c 1 = -1.0287
d 0 = 0.0000 d 1 = -0.9678  
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The hedging relation between linear and nonlinear effects is based on the whole sample-average interest-

rate differentials. At sub-sample averages of interest-rate differentials, a different relation may exit that 

does not support market efficiency. Based on coefficients from the whole sample and interest-rate 

differential averages from a rolling sample of 60 monthly observations, the three coefficients of Table 2 

above were tracked through the sample. Exhibit 4 shows that: (i) hedged risk premia (alphas) for European 

currencies fluctuate at equal distances between the Australian dollar and the yen, while the New Zealand 

dollar apparently carries the lowest hedged premium; (ii) sensitivities to current interest-rate differentials 

(betas) gravitate toward the -1 value of the efficiency hypothesis, and cross that value twice in this sample; 

(iii) sensitivities to lagged interest-rate differentials gravitate around -1, with less consistency. Once the 

coefficient for lagged interest-rate differentials crosses -1, it does not cross again in this sample. 

4  Conclusions 
Expected returns from currency speculation should be zero, despite persistent deviations that support the 

forward premium anomaly. This study suggests that there is equilibrium in speculative returns in line with 

the original efficiency hypothesis. The basic model of earlier studies was changed to accommodate the 

existence of a hedging relation between the forward premium effect and the efficient-market adjustment 

effect, as was apparent from the estimated coefficients. For average interest-rate differentials based on the 

whole sample, as well as rolling samples, this hedging relation helped obtain coefficients that partly support 

the original efficiency hypothesis, that is, the intercept was close to zero, and the slope was close to -1. 
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Exhibit 1: Currency Intercepts, Thresholds and Risk Premia 

 

Currency: b 0 b 3 |b 0 | |b 3 | b 2  g(x=0) ep 0
GBP 0.21% -0.0016 0.21% 0.0016 -0.07% 0.0034%
CHF 1.49% -0.0209 1.49% 0.0209 -0.73% 0.6377%
EUR -2.73% 0.0748 2.73% 0.0748 2.83% -0.0862%
AUD -8.17% 0.2156 8.17% 0.2156 7.99% -0.4516%
CAD 9.25% -0.2211 9.25% 0.2211 -9.11% 0.1401%
JPY 9.77% -0.2436 9.77% 0.2436 -9.87% -0.0850%
NZD 33.74% -0.6411 33.74% 0.6411 -34.28% -0.1584%
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Exhibit 2: Currency Coefficients and Return Sensitivity to Interest Rates 
 
  

Currency: b 2 b 1 b 4 Ex b 1  Ex b 2  g(Ex) ep 1
GBP 0.4084 24.0794 -56.8282 0.11% 2.63% -2.53% 0.6341%
CHF 0.3501 24.0610 -56.8360 -0.22% -5.25% 4.32% -0.6204%
EUR 0.3793 24.0883 -56.8245 -0.08% -1.94% 1.73% 0.2001%
AUD 0.3764 24.0500 -56.8374 0.11% 2.73% -2.43% 0.8441%
CAD 0.4188 24.0830 -56.8270 -0.02% -0.40% 0.40% 0.4445%
JPY 0.4129 24.0804 -56.8280 -0.32% -7.74% 7.46% -0.0413%
NZD 0.6059 23.9824 -56.8727 0.20% 4.78% -6.84% -1.4611%
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Exhibit 3: Currency Coefficients and Return Sensitivity to Interest-Trends  
 

 

Currency: b 2 b 5 b 6 δ E[ δ x+(1- δ )Ex] b 5  E[.] b 2  g(E[.]) ep 5
GBP 0.4084 16.2632 -38.6883 0.0050 0.08% 0.51% -0.49% -0.0058%
CHF 0.3501 16.2947 -38.6782 0.1293 -0.22% -0.01% 0.01% -0.0047%
EUR 0.3793 16.2503 -38.6929 0.0050 -0.13% 0.81% -0.73% 0.0488%
AUD 0.3764 16.3050 -38.6724 0.2528 0.12% -0.03% 0.02% -0.0058%
CAD 0.4188 16.2584 -38.6905 0.0050 0.02% -0.54% 0.54% 0.0118%
JPY 0.4129 16.2633 -38.6895 0.0050 -0.40% 1.31% -1.29% -0.0226%
NZD 0.6059 16.4228 -38.6380 0.0469 0.20% 0.04% -0.06% -0.0217%
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Exhibit 4: Efficient Market Coefficients Based on Rolling Interest Rate Averages 
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