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ABSTRACT

Left-truncated normal distributions — 1i.e., normal
probability distributions in which values below a truncation
point cannot be observed — have found great utility in a
variety of disciplines within the purview of decision
science. This paper provides a relation between the
truncation point and the left-truncated normal distribution’s
coefficient of variation. Through the introduction of a
standardized truncated variable, a table of the partial
expectation of the left-truncated normal distribution is
developed and presented for reference.

INTRODUCTION

Left-truncated normal distributions — i.e., normal
distributions in which values below a “truncation point”
cannot be observed — have found great utility in a variety of
disciplines within the purview of decision science. These
fields include operations management (inventory planning,
reliability analysis, and process management), regression
analysis, and finance (capital budgeting, portfolio analysis,
and options pricing). Johnson and Thomopoulos studied
the characteristics of the left-truncated normal distribution
and published reference tables of its cumulative distribution
function.[2] They, then, utilized the partial expectation of
the left-truncated normal distribution to develop an
enhanced methodology for establishing safety stock levels
in inventory management.[3] While Thomopoulos had
published selected values of this partial expectation, the
tabulation was limited and suffered from computational
inaccuracies for high levels of truncation.[5] This paper
extends and corrects this tabulation in order to provide a
useful reference table of the partial expectation of the left-
truncated normal distribution for practitioners. In the
process of developing this table, this paper provides a
relation between the coefficient of variation and the point of
truncation.

REVIEW OF CHARACTERISTICS AND NOTATION

Consider a normally-distributed random variable x with a
probability density function f{x) specified as

L

f(x) = Ny
If the values of x éef([)%-v some value x; cannot be observed —
due to censoring or truncation — then, following Hald’s

,—0 < x <00 (1

conventions, the resulting distribution is a left-truncated
normal distribution with probability density function f;zy(x)
given by

0, —0o<x<yx,
NS P R ACI R @
[ fo)x

where f{x) is as defined in Equation 1.[1]

For purposes of generality, Equation 1 can be re-stated in
terms of the standard normal distribution (denoted f{z)),
where
1 -z
f@)=——e " —w<z<w 3)
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The point of truncation x; can also be expressed in terms of
the standard normal distribution and denoted by ;.

Reformulating the left-truncated normal distribution of
Equation 2 in terms of the standard normal distribution, the
following can be found:
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where H(k;) is introduced for simplicity and defined as
follows:

H(k) = [ f(2)dz =1-F (k) (5)
k
Similar expressions are found in Schneider, for example.[4]

To define what Thomopoulos terms as a “standardized, left-
truncated normal distribution,” a standardizing variable ¢ =
z — ki is introduced.[5] This has the effect of defining the
point of truncation as ¢t = (. The standardized, left-
truncated normal distribution fs; rx(2) is, thus, given by

0, t<0

San@=1S0+k) o (6)
Hk,) =~

The mean p; of the standardized, left-truncated normal
distribution is given by
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and the standard d%vliation c; of the standardized, left-
truncated normal distribution is given by

ol =E(@)-u ®)

where
1
H(k,)
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COEFFICIENT OF VARIATION

Both the mean and standard deviation — p, and o, in
Equations 7 and 8, respectively — are uniquely determined
by and solely dependent upon the truncation point k;.[2]
Consequently, the coefficient of wvariation ¢ of the
standardized, left-truncated normal distribution exists
uniquely for a particular ;. This relationship is illustrated
in Figure 1.
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Figure 1 — Truncation point (k) as a function of the
coefficient of variation.

In practice, a number of observed random variables are
truncated at zero — e.g., inventory demands, processing
times, etc. (Where a pattern of variation is truncated at a
value other than zero, this value may be subtracted from the
mean prior to the calculation of the coefficient of variation.)
Given this, particularly when the sample sizes are large, the
sample mean and standard deviation may be used to
calculate an approximate value of the coefficient of
variation c¢. Figure 1 may, then, be used to estimate the
truncation point k;. Alternatively, the truncation point may
be approximated by the following function

k, =77.417¢* —159.03¢" +117.3¢* —29.875¢ —1.0641 (10)

The standard deviation of the errors associated with this
approximation over the range -3 < k; < 3 is 0.031 — which is
adequate for most purposes. (A fifth-order polynomial
approximation reduces the standard deviation of the errors
to 0.014.)

PARTIAL EXPECTATION

For the standard normal variate (z), the expected value of
the standard normal wvariate beyond the value z, is
commonly called the “partial expectation of z beyond z,”
and is denoted E(z > zy). This is given by

E(z>z,)= T(z —z)f(2)dz = f(z,) - z,H(z,) (1D

As noted earlier, the truncation point k;, uniquely determines
the standardized left-truncated normal distribution’s mean L
and standard deviation o, (i.e., its coefficient of variation).

Define a standardized truncated variable w as follows

w=lTH (12)
(o2

t

Calculation of E(w > wy) in terms of E(t > t;) follows
directly from Equation 12 with

E(>t)) (13)
O.T

Similarly, E(t > ty) — for a particular truncation point k; —

can be determined using

E(w>w,)=

E(z>
E> 1), =222 2) (14)
© H(ky)

Combining Equations 13 and 14 results in

E(W>W0):E(Z—>ZO) (15)
H(k,)o,
with

Z, =M, +W,o, +k, (16)

Thus, for a particular (left-truncated) pattern of variability —
defined by the sample mean and standard deviation — the
partial expectation is given by Equation 16.

Development of the Table

This paper now presents a table for determining the partial
expectation of w beyond wy — i.e., E(w > wy). Table 1 lists
the value of E(w > wy) associated with a particular value of
wy as a function of the coefficient of variation ¢. For
reference, the truncation point k; associated with ¢ is also
given. Values of E(w > wy) have been suppressed for w, <
Winin — Where wy,;, 1S given by

Wmin
- (17)
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Use of the Table

To illustrate the use of Table 1, consider an inventory
manager for a product whose average lead-time demand is
50 units with a standard deviation of 40 units. In
establishing an acceptable level of safety stock, she needs to
determine the expected number of pieces short for a given
stock level — say, of 90 units.

From this problem statement, the coefficient of variation ¢
can be determined to be 0.8. In terms of the standardized
truncated variable w, the stock level of 90 units is
equivalent to wy = 1. From the ¢ = 0.8 column in Table 1,
we find E(w > 1) to be 0.1256.

CONCLUSION

This paper provided a relation between the truncation point
and the left-truncated normal distribution’s coefficient of

truncated variable, a table of the partial expectation of the
left-truncated normal distribution was developed and
presented for reference.
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